
NAG Toolbox for MATLAB

d05bd

1 Purpose

d05bd computes the solution of a weakly singular nonlinear convolution Volterra–Abel integral equation of
the second kind using a fractional Backward Differentiation Formulae (BDF) method.

2 Syntax

[yn, work, ifail] = d05bd(ck, cf, cg, initwt, tlim, nmesh, work,
’iorder’, iorder, ’tolnl’, tolnl, ’lwk’, lwk)

3 Description

d05bd computes the numerical solution of the weakly singular convolution Volterra–Abel integral equation
of the second kind

y tð Þ ¼ f tð Þ þ 1ffiffiffi
�

p
Z t

0

k t � sð Þffiffiffiffiffiffiffiffiffiffi
t � s

p g s; y sð Þð Þ ds, 0 � t � T . ð1Þ

Note the constant 1ffiffiffi
�

p in (1). It is assumed that the functions involved in (1) are sufficiently smooth.

The function uses a fractional BDF linear multi-step method selected by you to generate a family of
quadrature rules (see d05by). The BDF methods available in d05bd are of orders 4, 5 and 6 ( ¼ p say).
For a description of theoretical and practical background related to these methods we refer to Lubich 1985
and to Baker and Derakhshan 1987 and Hairer et al. 1988 respectively.

The algorithm is based on computing the solution y tð Þ in a step-by-step fashion on a mesh of equispaced
points. The size of the mesh is given by T= N � 1ð Þ, N being the number of points at which the solution is
sought. These methods require 2p� 1 (including y 0ð Þ) starting values which are evaluated internally. The
computation of the lag term arising from the discretization of (1) is performed by fast Fourier transform
(FFT) techniques when N > 32þ 2p� 1, and directly otherwise. The function does not provide an error
estimate and you are advised to check the behaviour of the solution with a different value of N . An option
is provided which avoids the re-evaluation of the fractional weights when d05bd is to be called several
times (with the same value of N ) within the same program unit with different functions.

4 References
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5 Parameters

5.1 Compulsory Input Parameters

1: ck – string containing name of m-file

ck must evaluate the kernel k tð Þ of the integral equation (1).

Its specification is:
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[result] = ck(t)

Input Parameters

1: t – double scalar

t, the value of the independent variable.

Output Parameters

1: result – double scalar

The result of the function.

2: cf – string containing name of m-file

cf must evaluate the function f tð Þ in (1).

Its specification is:

[result] = cf(t)

Input Parameters

1: t – double scalar

t, the value of the independent variable.

Output Parameters

1: result – double scalar

The result of the function.

3: cg – string containing name of m-file

cg must evaluate the function g s; y sð Þð Þ in (1).

Its specification is:

[result] = cg(s, y)

Input Parameters

1: s – double scalar

s, the value of the independent variable.

2: y – double scalar

The value of the solution y at the point s.

Output Parameters

1: result – double scalar

The result of the function.

4: initwt – string

If the fractional weights required by the method need to be calculated by the function, then set
initwt ¼ I (Initial call).
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If initwt ¼ S (Subsequent call), then the function assumes the fractional weights have been
computed on a previous call and are stored in work.

Constraint: initwt ¼ I or S .

Note: when d05bd is re-entered with the value of initwt ¼ S , the values of nmesh, iorder and the
contents of work must not be changed

5: tlim – double scalar

The final point of the integration interval, T .

Constraint: tlim > 10�machine precision.

6: nmesh – int32 scalar

N , the number of equispaced points at which the solution is sought.

Constraint: nmesh ¼ 2m þ 2� iorder� 1, where m � 1.

7: workðlwkÞ – double array

Constraint: lwk � 2� iorderþ 6ð Þ � nmeshþ 8� iorder2 � 16� iorderþ 1.

5.2 Optional Input Parameters

1: iorder – int32 scalar

p, the order of the BDF method to be used.

Constraint: 4 � iorder � 6.

Suggested value: iorder ¼ 4.

Default: 4

2: tolnl – double scalar

The accuracy required for the computation of the starting value and the solution of the nonlinear
equation at each step of the computation (see Section 8).

Constraint: tolnl > 10�machine precision.

Suggested value: tolnl ¼
ffiffi
�

p
where � is the machine precision.

Default:
ffip

3: lwk – int32 scalar

Default: The dimension of the array work.

Constraint: lwk � 2� iorderþ 6ð Þ � nmeshþ 8� iorder2 � 16� iorderþ 1.

5.3 Input Parameters Omitted from the MATLAB Interface

nct

5.4 Output Parameters

1: ynðnmeshÞ – double array

ynðiÞ contains the approximate value of the true solution y tð Þ at the point t ¼ i� 1ð Þ � h, for
i ¼ 1; 2; . . . ; nmesh, where h ¼ tlim= nmesh� 1ð Þ.
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2: workðlwkÞ – double array

3: ifail – int32 scalar

0 unless the function detects an error (see Section 6).

6 Error Indicators and Warnings

Errors or warnings detected by the function:

ifail ¼ 1

On entry, iorder < 4 or iorder > 6,
or tlim � 10�machine precision,
or initwt 6¼ I or S ,
or initwt ¼ S on the first call to d05bd,
or tolnl � 10�machine precision,
or nmesh 6¼ 2m þ 2� iorder� 1;m � 1,

or lwk < 2� iorderþ 6ð Þ � nmeshþ 8� iorder2 � 16� iorderþ 1.

ifail ¼ 2

The function cannot compute the 2p� 1 starting values due to an error solving the system of
nonlinear equations. Relaxing the value of tolnl and/or increasing the value of nmesh may
overcome this problem (see Section 8 for further details).

ifail ¼ 3

The function cannot compute the solution at a specific step due to an error in the solution of single
nonlinear equation (2). Relaxing the value of tolnl and/or increasing the value of nmesh may
overcome this problem (see Section 8 for further details).

7 Accuracy

The accuracy depends on nmesh and tolnl, the theoretical behaviour of the solution of the integral
equation and the interval of integration. The value of tolnl controls the accuracy required for computing
the starting values and the solution of (2) at each step of computation. This value can affect the accuracy
of the solution. However, for most problems, the value of

ffiffi
�

p
, where � is the machine precision, should

be sufficient.

In general, for the choice of BDF method, you are recommended to use the fourth-order BDF formula (i.e.,
iorder ¼ 4).

8 Further Comments

In solving (1), initially, d05bd computes the solution of a system of nonlinear equations for obtaining the
2p� 1 starting values. c05nd is used for this purpose. When a failure with ifail ¼ 2 occurs (which
corresponds to an error exit from c05nd), you are advised to either relax the value of tolnl or choose a
smaller step size by increasing the value of nmesh. Once the starting values are computed successfully,
the solution of a nonlinear equation of the form

Yn � �g tn; Ynð Þ � �n ¼ 0, ð2Þ
is required at each step of computation, where �n and � are constants. d05bd calls c05ax to find the root
of this equation.

If a failure with ifail ¼ 3 occurs (which corresponds to an error exit from c05ax), you are advised to relax
the value of the tolnl or choose a smaller step size by increasing the value of nmesh.

If a failure with ifail ¼ 2 or 3 persists even after adjustments to tolnl and/or nmesh then you should
consider whether there is a more fundamental difficulty. For example, the problem is ill-posed or the
functions in (1) are not sufficiently smooth.

d05bd NAG Toolbox Manual

d05bd.4 [NP3663/21]



9 Example

d05bd_cf.m

function [result] = cf(t)
result = sqrt(t) + (3.0d0/8.0d0)*t*t*pi;

d05bd_cg.m

function [result] = cg(s, y)
result = y^3;

d05bd_ck.m

function [result] = ck(t)
result = -sqrt(pi);

initwt = ’Initial’;
tlim = 7;
nmesh = int32(71);
work = zeros(1059, 1);
[yn, workOut, ifail] = d05bd(’d05bd_ck’, ’d05bd_cf’, ’d05bd_cg’, initwt,
tlim, nmesh, work)

yn =
array elided

workOut =
array elided

ifail =
0

D05 – Integral Equations d05bd

[NP3663/21] d05bd.5 (last)


	d05bd
	1 Purpose
	2 Syntax
	3 Description
	4 References
	5 Parameters
	5.1 Compulsory Input Parameters
	ck
	t
	result

	cf
	t
	result

	cg
	s
	y
	result

	initwt
	tlim
	nmesh
	work
	5.2 Optional Input Parameters
	iorder
	tolnl
	lwk
	5.3 Input Parameters Omitted from the MATLAB Interface
	5.4 Output Parameters
	yn
	work
	ifail

	6 Error Indicators and Warnings
	ifail  = 1
	ifail  = 2
	ifail  = 3

	7 Accuracy
	8 Further Comments
	9 Example

	NAG Toolbox for MATLAB Manual, Mark 21 Release 1
	A00 - Library Identification
	Chapter Introduction

	A02 - Complex Arithmetic
	Chapter Introduction

	C02 - Zeros of Polynomials
	Chapter Introduction

	C05 - Roots of One or More Transcendental Equations
	Chapter Introduction

	C06 - Summation of Series
	Chapter Introduction

	D01 - Quadrature
	Chapter Introduction

	D02 - Ordinary Differential Equations
	D02 - Ordinary Differential Equations
	D02M/N Introduction

	D03 - Partial Differential Equations
	Chapter Introduction

	D04 - Numerical Differentiation
	Chapter Introduction

	D05 - Integral Equations
	Chapter Introduction

	D06 - Mesh Generation
	Chapter Introduction

	E01 - Interpolation
	Chapter Introduction

	E02 - Curve and Surface Fitting
	Chapter Introduction

	E04 - Minimizing or Maximizing a Function
	Chapter Introduction

	F - Linear Algebra
	Chapter Introduction

	F01 - Matrix Factorizations
	Chapter Introduction

	F02 - Eigenvalues and Eigenvectors
	Chapter Introduction

	F03 - Determinants
	Chapter Introduction

	F04 - Simultaneous Linear Equations
	Chapter Introduction

	F05 - Orthogonalisation
	Chapter Introduction

	F07 - Linear Equations (LAPACK)
	Chapter Introduction

	F08 - Least-squares and Eigenvalue Problems (LAPACK)
	Chapter Introduction

	F11 - Sparse Linear Algebra
	Chapter Introduction

	F12 - Large Scale Eigenproblems
	Chapter Introduction

	G01 - Simple Calculations on Statistical Data
	Chapter Introduction

	G02 - Correlation and Regression Analysis
	Chapter Introduction

	G03 - Multivariate Methods
	Chapter Introduction

	G04 - Analysis of Variance
	Chapter Introduction

	G05 - Random Number Generators
	Chapter Introduction

	G07 - Univariate Estimation
	Chapter Introduction

	G08 - Nonparametric Statistics
	Chapter Introduction

	G10 - Smoothing in Statistics
	Chapter Introduction

	G11 - Contingency Table Analysis
	Chapter Introduction

	G12 - Survival Analysis
	Chapter Introduction

	G13 - Time Series Analysis
	Chapter Introduction

	H - Operations Research
	Chapter Introduction

	M01 - Sorting
	Chapter Introduction

	S - Approximations of Special Functions
	Chapter Introduction

	X01 - Mathematical Constants
	Chapter Introduction

	X02 - Machine Constants
	Chapter Introduction

	X03 - Inner Products
	Chapter Introduction

	X04 - Input/Output Utilities
	Chapter Introduction

	X05 - Date and Time Utilities
	Chapter Introduction



